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Abstrat
In this paper we lassify invariant nonommutative onnetions in the framework
of the algebra of endomorphisms of a omplex vetor bundle. It has been proven
previously that this nonommutative algebra generalizes in a natural way the ordinary
geometry of onnetions. We use expliitely some geometri onstrutions usually
introdued to lassify ordinary invariant onnetions, and we expand them using
algebrai objets oming from the nonommutative setting. The main result is that
the lassiation an be performed using a redued algebra, an assoiated dierential
alulus and a module over this algebra.
LPT-Orsay 04-54
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Introdution
Symmetries in gauge elds theories play an important role in physis. For instane, they
have been used as possible proedures to introdue salar Higgs elds using dimensional
redutions. Solitons, as well as instantons and monopoles, has often been introdued and/or
reognized as symmetri solutions of gauge elds equations. Extensive mathematial and
physial studies of suh symmetries have been proposed, using various approahes, and
many examples have been given (see for instane [1, 2℄ for a mathematial point of view,
and [3, 4, 5, 6, 7, 8℄ for a more physial point of view).
On the other hand, gauge elds have been generalized in the nonommutative frame-
work, in some very natural ways. For a large lass of examples developed so far, nonommu-
tative onnetions inorporate at the same time, and without too muh arbitrariness, not
only ordinary non abelian gauge elds, but also some salar elds whih an be naturally
interpreted as Higgs elds (see [9, 10℄ for reviews, and referenes therein).
In the present paper, we study invariant nonommutative onnetions in a nonommu-
tative framework whih is very strongly onneted to ordinary dierential geometry. We
take as our starting point a nonommutative algebra equipped with the derivation based
dierential alulus introdued in [11℄. This algebra is the algebra of endomorphisms of
a SU(n)-vetor bundle. Its struture and its relations to ordinary dierential geometry
have been extensively studied in [12, 13℄, where it has been proven to play a very similar
role to a SU(n)-prinipal ber bundle. In this framework, nonommutative onnetions
extend in a very natural and tratable way ordinary onnetions on the underlying prini-
pal ber bundle. This permits us to generalize some of the analysis performed in previous
works about invariant (ordinary) onnetions, in partiular it is possible to use expliitely
some of the geometri onstrutions related to their lassiation. Moreover, mixing those
geometrial tools and the algebrai approah underlying nonommutative geometry, the
lassiation of invariant nonommutative onnetions fores us to introdue mathematial
objets whih are more natural than in the ordinary ase.
We have tried to make this paper as self-ontained as possible. It is organized as follow.
In a rst setion, we summarize previous works about lassiation of invariant (ordinary)
onnetions. These results are not new, but we have tried to make a synthesis of the main
approahes to this problem. In partiular, we introdue there some geometrial onstru-
tions whih are extensively used later. A seond setion is devoted to the nonommutative
framework. There, we expose the main results about the algebra we will onsider, and
we try to explain its relations to ordinary dierential geometry. New results about the
relations between this nonommutative geometry and the underlying ordinary geometry
are exposed. Then omes the setion whih is the main part of this paper. We expose
the lassiation of invariant nonommutative onnetions, emphasing what is ommon
to the ordinary ase and what is new. In partiular, we show that the lassiation an
be performed using objets inspired by nonommutative geometry: a redued algebra,
an assoiated dierential alulus and a module over this algebra. At last, we study two
important examples. One of our motivations for this work was to lassify the degrees of
freedom of spherially symmetri elds involved in nonommutative models. In the rst ex-
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ample, we implement this spherial symmetry in a nonommutative situation whih would
orrespond to an ordinary (trivial) SU(2)-prinipal ber bundle. The results obtained lead
to a natural generalization of the so alled Witten's anzatz [14, 3℄. The seond example is
a purely nonommutative situation based on a matrix algebra.
1 Invariant onnetions on prinipal ber bundles
In this setion, we would like to summarize previous works on invariant onnetions in
ordinary dierential geometry. Firstly, we introdue some notations and some general
geometrial onstrutions whih are useful to haraterize invariant onnetions. Two
approahes are then proposed: a global one, investigated in [6, 5, 4℄, and a loal one,
investigated in [3, 8℄. The onstrutions presented here will be used again in setion 3
where we haraterize nonommutative invarant onnetions.
1.1 Redution of ber bundles
Let us introdue the notations and the hypothesis we make. The analysis presented here
is essentially based on the work of Jadzyk et al [5℄.
We onsider a prinipal ber bundle E(M,H), denoted by the following diagram of
brations
H //E pi //M ,
with struture group H . We then onsider a ompat Lie group G whih ats on the left on
E. We denote this ation by G  E. We naturally assume that the two ations G  E and
E 	 H do ommute. In other words, G will be onsidered in the following as a subgroup
of Aut(E), the group of automorphisms of E. The ber bundle E is alled a G-symmetri
ber bundle. Then the projetion π indues an ation G  M whih is haraterized by
the following diagram
0 // Int(E) // Aut(E) // Out(E) ≃ Aut(M) // 0
G
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A natural problem to onsider at this stage is to try to lassify all the possible lifts of an
ation G  M to an ation G  E. This problem is for instane investigated in [7℄. We
will not touh upon it in the present paper.
We further require the ation of G to be simple (see [4, 5℄), whih means that we assume
M has the following ber bundle struture
G/G0 //M //M/G .
Then, by hypothesis, the quotient spae M/G is a smooth manifold and the bers are all
isomorphi to the homogeneous spae G/G0, where G0 is a subgroup of G. All isotropy
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groups for the ation G  M are isomorphi to G0, whih will denote, one for all, suh a
hosen referene isotropy group.
Consider now the spae P = {x ∈ M, Gx = G0}, where Gx is the isotropy group
assoiated to any point x ∈ M . It an be shown that P is a prinipal ber bundle with
struture group N(G0)/G0, where N(G0) is the normalizer of G0 in G. This ber bundle
is denoted by
N(G0)/G0 //P //M/G .
One an then onsider the ber bundleM(M/G,G/G0) as an assoiated ber bundle to the
prinipal ber bundle P (M/G,N(G0)/G0) for the natural left ation N(G0)/G0  G/G0.
A similar onstrution an be performed on the spae E on whih the group S = G×H
ats on the right by
G×H ×E −→ E
(g, h, p) 7−→ g−1ph
First note that at eah point p ∈ E there exists a anonial homomorphism
λp : Gpi(p) −→ H
dened by the relation g0 · p = p · λp(g0) for all g0 in Gpi(p). The isotropy group Sp of a
point p in E for the ation E 	 S an be ompletely haraterized, and a straightforward
omputation shows that Sp = {(g0, λp(g0))/ g0 ∈ Gpi(p)}. Then Sp is isomorphi to a generi
group S0 for any p in E, where S0 is the isotropy group of a ertain point p0 in E. So E
inherits the following ber bundle struture
S/S0 //E //M/G .
This means that the ation of S on E is also simple. Using the same approah as before,
one an see that E ontains the prinipal ber sub-bundle Q = {p ∈ E, Sp = S0} given
by the diagram of brations
N(S0)/S0 //Q //M/G ,
whereN(S0) is the normalizer of S0 in S. Notie that onQ the appliation λp is independent
of the point p ∈ Q, and we denote it by λ : G0 → H .
The restrition of the projetion π to Q will be alled πQ. It is obvious that π(Q) ⊂ P .
The kernel of πQ is isomorphi to Z0 = Z(λ(G0), H), the entralizer of λ(G0) in H , and
Z0 //Q
piQ //π(Q)
is a prinipal ber bundle. By the very denition one has
N(S0) = {(g, h) ∈ S/ g ∈ N(G0), h
−1λ(g0)h = λ(g
−1g0g), ∀g0 ∈ G0} .
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There is then a natural inlusion of Z0 in N(S0)/S0 given by the following omposition of
maps
Z0 ≃ {e} × Z0
  // N(S0) // N(S0)/S0 .
Furthermore Z0 is a normal subgroup inN(S0)/S0, and one an nally show that (N(S0)/S0)/Z0
is a subgroup of N(G0)/G0.
All the previous onstrutions an be summarized in the following ommutative diagram
Z0
  //
 l
5
5
5
5
5
5
5
5
5
5
N(S0)/S0 // // p
  B
B
B
B
B
B
B
B
B
B
B

(N(S0)/S0)/Z0
 v
))RRR
R
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M

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  // S/S0 // //

G/G0

Z0 //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7
7
7
7
7
7
7
7
7
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piQ // //
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D
D
D
D
D
D
D
D
D
D
D

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))SSS
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S

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''OO
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O

H // E
pi // //

M

M/G
B
B
B
B
B
B
B
B
B
B
B
M/G
RR
RR
RR
RR
RR
RR
RR
RR
M/G
MM
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M/G M/G
(1)
In this diagram, some arrows represent true appliations and other arrows are part of
diagrams of brations, most of them expliitly given before. Some horizontal arrows or-
respond to the ation of H (or subgroups of H) and some vertial arrows orrespond to
ations of groups related to G and S. One an verify that the kernel of the projetion
π(Q)→M/G is isomorphi to (N(S0)/S0)/Z0.
1.2 Invariant onnetions
The ation G  E indues an ation of G on the spae Ω1(E) of 1-forms over E. Beause
the ations of G and H ommute, this ation extends naturally to an ation on the ane
spae of onnetions on E inluded in the spae Ω1(E)⊗H, where H is the Lie algebra of
H . For any ω ∈ Ω1(E) ⊗ H and any g ∈ G, we denote this ation by ωg = g∗ω. We are
now interested to haraterize the G-invariant onnetions, those whih satisfy ωg = ω for
any g ∈ G .
In order to do that, it is onvenient to make some natural deompositions of the tangent
spaes to the various manifolds introdued previously. These deompositions are performed
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along the dierent ations that these spaes support. Let us introdue in the following table
the notations for the Lie algebras orresponding to the groups introdued so far
Group G H N(G0) G0 N(G0)/G0 Z0 S = G×H S0 N(S0)
Lie Algebra G H N0 G0 K Z0 S = G ⊕H S0 NS0
Let,
G = N0 D L and H = Z0 D M ,
be some redutive deompositions of Lie algebras
1
whih we suppose to be also orthogonal
deompositions of vetor spaes for the Killing metris. It is easy to show that there is an
orthogonal deomposition of Lie algebras
N0 = G0 ⊕K
Then, by the very denitions, one has
S0 = {(X0, λ∗X0)/X0 ∈ G0} ,
where λ∗ : G0 → H is the tangent appliation to λ : G0 → H , whih implies that S0 is
isomorphi to G0. Using this identiation, one an easily show that
NS0 = S0 ⊕K ⊕Z0
is an orthogonal deomposition of Lie algebras. In fat any element (X, ξ) ∈ NS0 ⊂ G ×H
an be written in the form (X, ξ) = (X0 +XK, λ∗X0 + ξZ0), where X0 ∈ G0, XK ∈ K and
ξZ0 ∈ Z0.
With these deompositions and the indued maps of the group ations on manifolds at
the level of Lie algebras and tangent spaes, we an deompose the dierent tangent spaes
1
A deomposition of a Lie algebra g = h D l is redutive when h ⊂ g is a sub Lie algebra and l a
redutive omplementary subspae, i.e [h, l] ⊂ l
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of the bundles introdued previously. We then get an innitesimal version of diagram (1)
Z0
  //
 o
?
?
?
?
?
?
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?
?
?
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&&MM
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MM
MM
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 _

K
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OO _

K  t
''OO
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 _

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 _

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 o
>
>
>
>
>
>
>
>
>
>
TqQ
piQ∗ // //
 s
&&LL
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LL
LL

Txπ(Q)
 t
''NN
NN

TxP  t
''NN
NN
N

Z0 D M
  // TqE
pi∗ // //

TxM

T[x]M/G
KK
KK
KK
KK
KK
KK
KK
KK
KK
KK
KK
KK
KK
KK
T[x]M/G
MM
M
MM
M
T[x]M/G
MM
M
MM
M
T[x]M/G T[x]M/G
for a point q ∈ Q ⊂ E with π(q) = x. Hene we have
TqE = TqQ⊕L
Q
|q ⊕M
Q
|q , (2)
where LQ|q (resp. M
Q
|q) is the subvetor spae obtained from the values X
E
q at q ∈ E of the
fundamental vetor elds XE on E assoiated to vetors X ∈ L (resp. X ∈M).
Let us now onsider a G-invariant onnetion 1-form ω ∈ Ω1(E)⊗H. We are interested
to haraterize the degrees of freedom of ω. First, note that it is possible to study ω only
at points in Q owing to the fat that by onstrution G ·Q = E. Then for any q ∈ Q, ω|q
an be evaluated on the 3 vetor spaes TqQ, L
Q
|q and M
Q
|q
• The restrition to MQq ⊂ H
Q
q is xed by the relation ω|q(X
E
q ) = X , for any X ∈M.
So there is no degree of freedom in this diretion.
• The restrition to TqQ gives a 1-form µ dened by µ(X) = ω(X), for any X ∈ TQ.
It satises the following equivariane property
R∗(g,h)µ = Adh−1µ ∀(g, h) ∈ N(S0)
where R(g,h) is the right ation of N(S0) on Q. Considering this equivariane property
for an element (g0, λ(g0)) ∈ S0, one an show that µ is a Z0-valued 1-form. Together
with the equivariane property restrited to Z0, this implies in partiular that µ is a
onnetion on the prinipal ber bundle Q(π(Q), Z0).
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• The restrition to LQq indues a map
ψq : L → H
X 7→ ψq(X) = ωq(X
E
q )
It satises the following equivariane property:
Adh ◦ ψq ◦ Adg−1 = ψgqh−1 ∀(g, h) ∈ S
Then, for any (g, h) ∈ S0, one has Adλ(g0)◦ψq◦Adg−10 = ψq. The equivariant map q 7→
ψq fromQ to F , denes a setion of the assoiated vetor bundle FL = Q×N(S0)/S0FL,
where the ber is dened to be the vetor spae of ovariant maps
FL = {ℓ : L → H, Adλ(g0) ◦ ℓ ◦Adg−10 = ℓ}
So ω is ompletely haraterized by the two objets µ and ψ desribed above. Notie
that µ and ψ an be interpreted as genuine objets on ber bundles related to the two
prinipal ber bundle struture on Q, either in the horizontal diretion for µ or in the
vertial diretion for ψ on diagram (1). It is possible to make referene to only one of these
prinipal ber bundles strutures. In order to do that, one needs a referene onnetion A
on the prinipal ber bundle
(N(S0)/S0)/Z0 //π(Q) //M/G
Then one an make µ in one-to-one orrespondene with a ouple (B, α) where
• B is a onnetion on the prinipal ber bundle Q(M/G,N(S0)/S0).
• α is a setion of the vetor bundle FK, where FK = Q ×N(S0)/S0 FK is assoiated to
Q(M/G,N(S0)/S0). The vetor spae FK is dened by
FK = {k : K → H, Adλ(g0) ◦ k ◦ Adg−10 = k}
(Notie the similarity between FL and FK.)
The orrespondene between µ and the pair (B, α) is given expliitely by the relations{
B = µ+ π∗A− µ(π∗A)Q
αq = µq|Kq
In partiular we have that prKB = π
∗A, where prK is the orthogonal projetion from K⊕Z0
to K. We refer to [5℄ for further details and the works by Coquereaux et al [15℄ for the link
with Kaluza-Klein theories.
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1.3 Relation with Wang's approah
Beause we have assumed that the ation of the group G is simple, the spae M is loally
isomorphi to the produt spaeM/G×G/G0. The study of invariant onnetions is greatly
simplied if one onsiders the spae M to be exatly equal to the spae M/G × G/G0.
This is also equivalent to restrit the study only to loal objets around an orbit of G in
M . So, in the following, we will assume that M = M/G× G/G0, and we will expose the
main results obtained in [4, 3, 8℄. This is what we all the loal approah.
The simpler struture of the spae M allows us to do a onstrution similar to the one
performed previously, replaing the spae P by the spae M/G. This simplies the bundle
struture in the G's diretions and also greatly simplies the deomposition of invariant
onnetions. Furthermore, it is possible to lassify the G-symmetri ber bundles, and
the results in this speial ase an be ompared more easily with the ones obtained by
Wang [1℄.
First, beause of the deomposition M = M/G × G/G0, one an imbed M/G into
M , identifying it with M/G × {eG0}. Then, G-symmetri prinipal H-bundles an be
lassied by pairs ([λ], Q˜), where [λ] is a onjugay lass of homomorphisms λ : G0 → H
for the ation of G on G0 by onjugation, and Q˜ is a prinipal ber bundle over M/G with
struture group Z0 = Z(λ(G0), H).
Indeed, one an onstrut a pair ([λ], Q˜) from a G-symmetri prinipal H-bundle E
over M = M/G × G/G0 onsidering the restrition E|M/G of E over M/G. Then, dene
Q˜ = {p ∈ E|M/G/λp = λ}, for λ a hosen referene map λp0 for a p0 ∈ E.
Conversely, one an assoiate a G-invariant prinipal H-bundle to any pair ([λ], Q˜). In
order to do that, it is onvenient to introdue the following diagram of brations
Z0 ×G0 //Q′ = Q˜×G //M/G×G/G0
whih denes a prinipal ber bundle Q′ for the ation (z, g0, q˜, g) 7→ (q˜ ·z0, g ·g0). Consider
now the following left ation of Z0 ×G0 on H dened by
2
ρ : Z0 ×G0 ×H −→ H
(z, g0, h) 7−→ z · λ(g0) · h
Denote by E˜ = Q′×(Z0×G0)H the assoiated ber bundle to Q
′
with ber H for this ation.
It an be shown that E˜ is a G-invariant prinipal H-bundle haraterized by the following
2
notie that the indued ations of the subgroups Z0 and G0 ommute.
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ommutative diagram
3
Z0 ×G0

Z0 ×G0

H // Q′ ×H
pr1 //
Ψ

Q′ = Q˜×G

H // E˜
p˜i //M = M/G×G/G0
(3)
where Q′ ×H is also a G-invariant prinipal H-bundle for the horizontal struture.
It is easy to prove that the omposition of these two maps, E 7→ ([λ], Q˜) and ([λ], Q˜) 7→
E˜, gives us a map E 7→ E˜, for whih E and E˜ are isomorphi G-invariant prinipal H-
bundles. Indeed, an isomorphism between E and E˜ is given expliitely by the following
relation: to any point Ψ(q˜, g, h) ∈ E˜, assoiate the point g · q˜ · h ∈ E where q˜ ∈ Q˜ is
onsidered to be in E.
Using this isomorphism, it is possible to map a G-invariant onnetion on E to a G-
invariant onnetion ω on E˜. Now, owing to the fat that the projetion Ψ of the prinipal
(Z0×G0)-bundle Q′×H is also a G-equivariant map of G-symmetri prinipal H-bundles,
one an show (see [4, 8℄) that Ψ∗ω an be written in the generi form
Ψ∗ω|(q˜,g,h) = Adh−1(Λ|q˜ ◦ θ
G
|g + ω˜|q˜) + θ
H
|h , (4)
where ω˜ is a onnetion 1-form on Q˜(M/G,Z0), θ
G
and θH are the usual Cartan 1-form
on G and H respetively, and Λ ∈ C∞(Q˜)⊗ G∗ ⊗H satises the equivariane property:
R∗z0Λ = Adz0Λ ∀z0 ∈ Z0
and the two relations
Adλ(g0) ◦ Λ ◦ Adg−10 = Λ ∀g0 ∈ G0
Λq˜(X0) = λ∗(X0) ∀X0 ∈ G0 and ∀q˜ ∈ Q˜
Using standard tehnis in dierential geometry, this equivariant map Λ : Q˜ → G∗ ⊗ H
haraterizes a setion of a vetor bundle over M/G, with ber G∗ ⊗ H, assoiated to Q˜
for the adjoint ation of Z0 on H.
We would like to onlude this setion by the following remark. In the two situations
presented here, the global one and the loal one, it is possible to haraterize the G-
invariant onnetions on the G-symmetri prinipal H-bundle E using geometri objets
related to the quotient spae M/G, and not to the whole spae M . Nevertheless, for the
global approah, this requires an extra arbitrary onnetion A.
3
Some arrows are part of diagram of brations.
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2 The nonommutative dierential alulus
In this setion, we introdue the derivations based dierential alulus dened for any
assoiative algebra [11℄ and desribe more preisely this alulus for the algebra of en-
domorphisms of a omplex vetor bundle introdued and studied in [12, 13℄. Some new
results extending these previous studies are presented here. It is in the framework of this
nonommutative geometry that we will study G-invariant nonommutative onnetions in
the next setion. The notion of G-invariant nonommutative onnetion is introdued at
the end of this setion, as well as some supplemental mathematial strutures that will be
used later.
2.1 Derivation-based dierential alulus
In the following, A will denote an assoiative algebra with unit. Then the vetor spae
Der(A) of derivations of A is a Lie algebra and a module over the enter Z(A) of A.
The vetor spae of inner derivations, Int(A), is a Lie ideal and a Z(A)-submodule. The
quotient Der(A)/Int(A) will be denoted by Out(A). This is a Lie algebra and a module
over Z(A).
Dene the omplex ΩDer(A) to be the set of Z(A)-multilinear antisymmetri maps from
Der(A) to A. It is naturally a N-graded algebra on whih one an dene a dierential dˆ
(of degree 1) by setting, for any derivations X1, . . . , Xn+1 and any ω ∈ Ω
n
Der(A)
dˆω(X1, . . . , Xn+1) =
n+1∑
i=1
(−1)i+1Xiω(X1, . . .
i
∨. . . . , Xn+1)
+
∑
1≤i<j≤n+1
(−1)i+jω([Xi, Xj], . . .
i
∨. . . .
j
∨. . . . , Xn+1) (5)
In the following, for all the assoiative algebras we will onsider, this graded dierential
algebra (ΩDer(A), d) oinides with the smallest dierential subalgebra of ΩDer(A) generated
by A, whih is usually denoted by ΩDer(A).
Let G be a Lie subalgebra of Der(A). Then G denes a natural operation in the sense
of H. Cartan [16℄ on (ΩDer(A), d). Indeed, for any X ∈ G and n ≥ 1, let us introdue
iX : Ω
n
Der(A)→ Ω
n−1
Der (A)
by
(iXω)(X1, . . . , Xn−1) = ω(X,X1, . . . , Xn−1)
for any ω ∈ ΩnDer(A) and Xi ∈ Der(A). This interior produt is dened to be 0 on
Ω0Der(A) = A. It is easy to show that iX is a graded derivation of degree −1 on ΩDer(A).
The appliation
LX = iX dˆ + dˆiX : Ω
n
Der(A)→ Ω
n
Der(A)
dened for any n ≥ 0 is then a graded derivation of degree 0 on the graded algebra ΩDer(A).
This is the Lie derivative assoiated to the operation of G on (ΩDer(A), dˆ). One an ompute
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the usual relations
iX iY + iY iX = 0 LX iY − iY LX = i[X,Y ]
LXLY − LY LX = L[X,Y ] LX dˆ− dˆLX = 0
In the same way, it is possible to dene a natural Cartan operation of G on (ΩDer(A), dˆ).
With suh an operation of G on (ΩDer(A), dˆ), one an introdue the basi subspae of
ΩDer(A), whih is the ommon kernel of all the iX and LX for all X ∈ G. This basi
subspae an be shown to be a graded dierential subalgebra. The ommon kernel of all
the LX for all X ∈ G is alled the invariant subspae of the operation. This is also a graded
dierential subalgebra.
In the ase where A is the algebra C∞(M) of smooth omplex-valued funtions on a
nite dimensional regular manifoldM , (ΩDer(A), dˆ) is just the de Rham omplex (Ω(M), d)
and Der(C∞(M)) = Γ(TM) is the ordinary Lie algebra of vetor elds on M .
Let us onsider the ase where A is the algebra Mn := Mn(C) of n × n omplex
matries [17℄. This algebra has only inner derivations, and the Lie algebra Der(Mn) =
Int(Mn) an be identied with the Lie algebra sln := sl(n,C). One an show that
ΩDer(Mn) ≃ Mn ⊗
∧
sl∗n (6)
where sl∗n is the dual of sln. We denote by d
′
the dierential on this omplex.
In this situation, there exists a partiular 1-form θ dened by
iθ : Der(Mn) −→ sln
adγ 7−→ γ −
1
n
Tr(γ)1
for any γ ∈Mn. This 1-form satises to the relation
d′iθ − (iθ)2 = 0
and for any γ ∈ Mn = Ω0Der(Mn), one has d
′γ = [iθ, γ]. This 1-form θ an also be viewed
as a kind of fundamental 1-form in this nonommutative spae, whih permits one to
expliitely identify the Lie algebras Der(Mn) and sln.
Let us now mix the two previous examples in a trivial way, taking the matrix valued
funtions on a manifoldM : A = C∞(M)⊗Mn. The derivations based dierential alulus
for this algebra has been studied in [18℄. Here are the main results. The enter of the
algebra A is exatly C∞(M), and the Lie algebra of derivations Der(A) splits anonially
as a C∞(M)-module into
Der(A) = [Der(C∞(M))⊗ 1]⊕ [C∞(M)⊗Der(Mn)] (7)
This implies the anonial deomposition for the omplex of forms
ΩDer(A) = Ω(M)⊗ ΩDer(Mn)
The dierential dˆ on ΩDer(A) is the sum dˆ = d+d
′
where d and d′ has been dened in the
two previous examples. The 1-form θ is well dened in Ω1Der(A) if we extend it on Der(A)
by zero on the Γ(TM) terms.
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2.2 Algebra of endomorphisms of a vetor bundle
Let us now onsider a non trivial version of the previous example. Let E be a SU(n)-
vetor bundle over a regular nite dimensional smooth (i.e. paraompat, et...) manifold
M equipped with an hermitian struture. We denote by End(E) the ber bundle of en-
domorphisms of E . The setions of this ber bundle in matrix algebras dene a unital
algebra, whih we denote by A. The hermitian struture gives a natural involution on this
algebra, denoted by S 7→ S∗. The enter of this algebra is exatly C∞(M), identifying
f ∈ C∞(M) with f1 ∈ A. The trae map and the determinant, dened on eah ber of
End(E), give natural maps
Tr : A→ C∞(M) and det : A→ C∞(M)
By restrition to the enter, there is also a natural map
ρ : Der(A)→ Der(C∞(M)) = Γ(TM) (8)
This map is the quotient map in the short exat sequene of Lie algebras and C∞(M)-
modules
0 //Int(A) //Der(A)
ρ //Out(A) ≃ Γ(TM) //0 (9)
This short exat sequene generalizes the deomposition (7) in the trivial ase. Notie that
in the non trivial ase, one annot split anonially this short exat sequene of C∞(M)-
modules.
For any derivation X ∈ Der(A), let us denote by X ∈ Γ(TM) the assoiated vetor
eld on M . The 1-form iθ dened in the two previous examples is well dened here on
Int(A) only, by the relation
iθ(adγ) = γ −
1
n
Tr(γ)1
for any γ ∈ A. In the following, for any inner derivation adγ , we suppose that the element γ
is traeless. It an be onsidered as a setion of the ber bundle of traeless endomorphisms
of E . We denote by A0 the spae of traeless elements in A. The Lie subalgebra Int(A)
operates in the sense of H. Cartan on the dierential omplex ΩDer(A) [11℄. The horizontal
forms for this operation are exatly the dierential forms on M with values in End(E), and
the basi forms are ordinary dierential forms on M . In the following, horizontality will
refer to this operation.
It was shown in [12℄ that the two dierential aluli ΩDer(A) and ΩDer(A) oinide. We
will denote by dˆ the dierential on ΩDer(A) = ΩDer(A).
Now, let ∇E be any onnetion on E . Then it was shown in [12℄ that there exists
a nonommutative 1-form α in Ω1Der(A) suh that any derivation X ∈ Der(A) an be
deomposed as
X = ∇X − adα(X ) (10)
where ∇ is the naturally assoiated onnetion to ∇E on the ber bundle End(E). Indeed,
one an dene α by the relation α(X ) = −iθ(X − ∇X). We reall that ∇ is the tensor
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produt of the onnetions ∇E on E and ∇E
∗
on the dual vetor bundle E∗ of E where ∇E
∗
satises X〈ǫ, e〉 = 〈∇E
∗
X ǫ, e〉+ 〈ǫ,∇
E
Xe〉 for any setions ǫ of E
∗
and e of E .
The nonommutative 1-form α takes its values in the traeless elements of A and an
be onsidered as an extension of −iθ to all derivations. One has obviously α(adγ) = −γ,
with the onvention that Tr(γ) = 0.
This result gives us a splitting of the short exat sequene (9) as C∞(M)-modules. This
splitting is not anonial and is only dened through a hoie of a onnetion on E , by the
C∞(M)-linear map X 7→ ∇X from Γ(TM) into Der(A). This has to be ompared with the
usual (ommutative) situation where one an interpret a onnetion as a map from vetor
elds on M into vetor elds on a prinipal bundle over M . These maps will be used and
generalized in 2.5.
The algebra A plays a similar role to a prinipal bundle, and the above anonial map
∇E 7→ α is an isomorphism of ane spaes from the ane spae of SU(n)-onnetions on
E onto the ane spae of traeless antihermitian nonommutative 1-forms on A satisfying
α(adγ) = −γ. If RE denotes the urvature of ∇E , then one an show that
RE(X, Y ) = dˆα(X ,Y) + [α(X ), α(Y)]
for any X ,Y ∈ Der(A), X, Y being their images in Γ(TM). In partiular, the expression
dˆα + α2 is a horizontal element of Ω2Der(A).
Now, the Lie algebra of real derivations on A ats naturally on the spae of SU(n)-
onnetions through the Lie derivative dened on ΩDer(A). If one restrits this ation to
inner real derivations, the Lie derivative orresponds to innitesimal gauge transformations
on onnetions. Indeed, one has
Ladξα = −dˆξ − [α, ξ]
for any ξ ∈ A, with Trξ = 0 and ξ∗ + ξ = 0 (adξ is then a real inner derivation). Suh ξ's
are exatly the elements of the Lie algebra of the group of gauge transformations on E .
2.3 Nonommutative onnetions
In the following, we will only onsider nonommutative onnetions for the algebra A
dened above on the right module A itself (This denition ould be given for any assoiative
algebra A). A nonommutative onnetion is an appliation
∇̂X : A→ A
suh that ∇̂X (SS ′) = SX (S ′)+∇̂X (S)S ′ and ∇̂fXS = f∇̂XS for any X ∈ Der(A), S, S ′ ∈ A
and f ∈ C∞(M). The urvature of a nonommutative onnetion is dened by Rˆ(X ,Y)S =
[∇̂X , ∇̂Y ]S − ∇̂[X ,Y ]S for any S ∈ A and X ,Y ∈ Der(A), whih is a right A-module
homomorphism.
Any nonommutative onnetion ∇̂ on A is ompletely given by ∇̂X1 = ω(X ), where
ω is a nonommutative 1-form in Ω1Der(A). Indeed, one then has
∇̂XS = XS + ω(X )S
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for any S ∈ A. The urvature of ∇̂ is then the left multipliation by the nonommutative
2-form
dˆω(X ,Y) + [ω(X ), ω(Y)]
There is a natural hermitian struture on the right module A given by 〈S, S ′〉 = S∗S ′ ∈
A. A onnetion is said to be ompatible with an hermitian struture if
X〈S, S ′〉 = 〈∇̂XS, S
′〉+ 〈S, ∇̂XS
′〉
for any S, S ′ ∈ A and real4 X ∈ Der(A). This ompatibility ondition is equivalent to
ω(X )∗ + ω(X ) = 0
for any real X ∈ Der(A). Suh onnetions will be alled antihermitian onnetions. Then
any unitary element U ∈ A with det(U) = 1 denes on A a right module endomorphism
S 7→ US whih preserves the hermitian struture and the det appliation. We denote by
SU(A) the group of suh elements of A. In our partiular ase, this is exatly the gauge
group of the SU(n)-vetor bundle E . We denote by U(A) the group of unitary elements
of A. For any U ∈ U(A), the gauge transformation of a nonommutative onnetion ∇̂
is dened by the relation ∇̂UXS = U
∗∇̂X (US). The nonommutative 1-form ω is then
transformed as
ω 7→ U∗ωU + U∗dˆU
Any ordinary onnetion on E denes anonially a nonommutative onnetion on A.
Indeed, suh a onnetion is given by a nonommutative 1-form α. One then denes a
nonommutative onnetion ∇̂α by
∇̂αXS := ∇XS + Sα(X ) = XS + α(X )S
for any X ∈ Der(A) and S ∈ A. The urvature of this onnetion oinides with the
ordinary urvature Rˆα(X ,Y) = RE(X, Y ) and this nonommutative onnetion ∇̂α is om-
patible with the hermitian struture on A. Finally, a gauge transformation on ∇E indues
a SU(A)-gauge transformation on ∇̂α.
This means that nonommutative onnetions on A are extensions of ordinary onne-
tions on E . In [18, 19, 20, 12℄, it was shown that the extra degrees of freedom an be
interpreted as Higgs elds. We refer to these papers for details.
Beause A and C∞(M) are Morita equivalent, their projetive right modules are in
bijetion (the K-groups are the same). From the physial point of view this means that
the matter ontents of any assoiated theory does not permit one to distinguish between
C∞(M) and A.
4
A derivation X ∈ Der(A) is real if (Xa)∗ = Xa∗ for any a ∈ A
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2.4 Symmetries and nonommutative onnetions
In the following setion, we will be interested in nonommutative onnetions invariant
under the ation of a Lie group G. Here we give a preise denition of this onept.
Let G be the Lie algebra of G. An ation of G on A is a Cartan operation of G on
the graded dierential algebra ΩDer(A). In partiular, any element G an be onsidered as
an element in Der(A), whih means that we will always look at G as a Lie subalgebra of
Der(A).
A G-invariant nonommutative onnetion on the right module A is a nonommutative
onnetion ∇̂ satisfying
Y
(
∇̂Xa
)
= ∇̂[Y,X ]a + ∇̂X (Y a)
for any Y ∈ G, X ∈ Der(A) and a ∈ A. If ∇̂ is given by the nonommutative 1-form ω,
this is equivalent to
LY ω = 0
for any Y ∈ G.
2.5 ΩDer(A) and Ω(E)
In the next setion, we will haraterize the G-invariant onnetions on the right module
A, where A is the algebra of endomorphisms of a SU(n)-vetor bundle E . In order to
do that, it is very onvenient to look at ΩDer(A) in a dierent way, using a result proved
in [13℄. There, ΩDer(A) was shown to be some basi subalgebra of a bigger dierential
graded algebra. Let us desribe this algebra and give new results about this very useful
onstrution.
Let us denote by E the prinipal SU(n)-bundle over M for whih E is assoiated,
and denote by C∞(E) the (ommutative) algebra of smooth funtions on E. Then one
has a map ξ 7→ ξE whih sends any ξ ∈ su(n) into the assoiated vertial vetor eld
on E. Let us introdue the algebra B = C∞(E) ⊗ Mn of matrix valued funtions on
E. Denote by (ΩDer(B), dˆ) = (Ω(E)⊗ ΩDer(Mn), d + d′) its dierential alulus based on
derivations. It is easy to see that {ξE + adξ / ξ ∈ su(n)} is a Lie subalgebra of Der(B)
whih is isomorphi to su(n). This Lie subalgebra denes a Cartan operation of su(n) on
ΩDer(B), whose basi subalgebra we denote by ΩDer,Bas(B). Then it was proved in [13℄
that ΩDer(A) = ΩDer,Bas(B)
A SU(n)-onnetion on E is given by a 1-form ωE on E with values in su(n) ⊂ Mn.
This onnetion denes a onnetion on E (denoted by ∇), whih itself gives rise to a
nonommutative 1-form α ∈ Ω1Der(A). From the previous result, this form omes from a
basi 1-form αE in ΩDer,Bas(B), whih is nothing but α
E = ωE − iθ, where θ ∈ Ω1Der(Mn)
is the anonial 1-form dened previously. The basiity of this 1-form is a onsequene of
properties of ωE and iθ, in partiular the equivariane of ωE.
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At the level of derivations, the relations between the algebras A and B an be sum-
marized in the following exat ommutative diagram whih ombines derivations on A,
derivations on B and vetor elds on E:
0

0

0

// ZDer(A)

// Γ(TV E)

// 0
0 // Int(A)

//NDer(A)
τ

ρE // ΓM(E)
pi∗

// 0
0 // Int(A)

// Der(A)

ρ
// Γ(TM)

// 0
0 0 0
(11)
The lower row is just the ordinary short exat sequene whih relates vetor elds on M ,
derivations on A and inner derivations on A. In the middle olumn, NDer(A) ⊂ Der(B) is
the subset of derivations on B whih preserve the basi subalgebra A ⊂ B, and ZDer(A) ⊂
Der(B) is the subset of derivations on B whih vanishes on A. These two Lie algebras
were dened for more general algebras in [21℄. The short exat sequene they dene is the
one used to prove that A is a nonommutative quotient manifold of the nonommutative
algebraB [13℄. The Lie algebra ZDer(A) is generated as a C
∞(E)-module by the partiular
elements ξE + adξ for any ξ ∈ su(n).
The right most olumn involves only geometrial objets. The spae ΓM(E) is dened
to be
ΓM(E) = {Xˆ ∈ Γ(E)/π∗Xˆ(p) = π∗Xˆ(p
′) ∀p, p′ ∈ E suh that π(p) = π(p′)} (12)
This is the Lie algebra of vetor elds on E whih an be mapped to vetor elds on M
using the tangent maps π∗ : TpE → Tpi(p)M .
In the following, for any η = f ⊗ ξ ∈ C∞(E)⊗ su(n), we will denote by ηE ∈ Γ(TV E)
the vetor eld fξE on E. Using this notation, any element in ZDer(A) an be written as
ηE+adη where η ∈ C∞(E)⊗su(n). The isomorphism between ZDer(A) and Γ(TV E) maps
any element ηE + adη into η
E
.
The diagram (11) bears some strange similarities with the diagram presented on page
12 in [12℄ whih involved Lie algebroid strutures. We will not make further omments
about this point here.
A onnetion ωE on E splits three short exat sequenes in this diagram, in a ompatible
way. First, this onnetion an be used to lift vetor elds X on M into horizontal vetor
elds Xh on E. This gives us a splitting map of
0 //Γ(TV E) //ΓM(E) //Γ(TM) //0 (13)
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as C∞(M)-modules. It was shown in [12℄, and realled in 2.2, that the onnetion ωE
splits the short exat sequene (9) of C∞(M)-modules using the map X 7→ ∇X . Now,
using notations introdued so far, there is a splitting of the middle olumn by the map
X 7→ XE = ρ(X )h−adα(X )E where α(X )
E
is the basi element inB assoiated to α(X ) ∈ A
(notie that α(X )E = αE(XE)).
These splittings an be used to deompose any element in NDer(A) into four parts,
making expliit the kernels of the two short exat sequenes in whih this spae is involved.
Any derivation X ∈ NDer(A) an be written, as a derivation onB, in the form X = Xˆ+adγ,
where Xˆ ∈ Γ(E) and γ ∈ C∞(E)⊗ sln. At this stage, it is easy to diretly show that Xˆ is
in ΓM(E) using the restrition of X on the enter C
∞(M) of A onsidered as a subalgebra
of B. A derivation X belongs to NDer(A) if and only if LξX ∈ ZDer(A) for any ξ ∈ su(n).
This means that there must exist η ∈ C∞(E)⊗ su(n) suh that:
[ξE , Xˆ] = ηE (14)
Lξγ = η (15)
Applying a onnetion ωE on the rst relation, and using the equivariane of ωE, one gets
Lξ(ωE(Xˆ)) = η. Let us introdue Z = −αE(X) = γ − ωE(Xˆ) ∈ C∞(E) ⊗ sln. Then
LξZ = 0 for any ξ ∈ su(n), whih implies that Z ∈ A0, or adZ ∈ Int(A). Using this
result, the derivation X an be written as X = Xˆ + adγ = X
h+ Xˆv+ adωE(Xˆ)+Z . With our
notations, one has Xˆv = ωE(Xˆ)
E
(vertial part of the vetor eld Xˆ). So, one an write
nally
X = Xh + adZ + ωE(Xˆ)
E + adωE(Xˆ)︸ ︷︷ ︸
∈ZDer(A)
= Xh + ωE(Xˆ)
E + adωE(Xˆ) + adZ︸︷︷︸
∈Int(A)
(16)
The situation an be summarized in the following diagram where all the splittings are
expliit
NDer(A)
ρE // //
τ

ΓM(E)
pi∗

(π∗Xˆ)
h + ωE(Xˆ)
E + adωE(Xˆ) Xˆ
oo
XE = ρ(X )h − adα(X ) Xh
X
_
OO
X
_
OO
∇X X
oo
Der(A) ρ
// //Γ(TM)
(17)
In the following ΩDer(A) will be identied with the orresponding basi subalgebra of
ΩDer(B). Let us now look at the onsequenes of this onstrution on a nonommutative
onnetion given by a 1-form ω ∈ Ω1Der(A). Suh a 1-form an be deomposed as
ω = a− φ ∈ [Ω1(E)⊗Mn]⊕ [C
∞(E)⊗Mn ⊗ sl
∗
n]
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with the basi onditions
(LξE + Ladξ)a = 0 (LξE + Ladξ)φ = 0
iξEa− iadξφ = 0
for any ξ ∈ su(n). Here we use obvious notations for geometrial and algebrai parts of
the Lie derivative L and the interior produt i.
At this level, some general omments about these relations are in order. First, the
invariant relation on a is nothing but the ovariane relation of an ordinary onnetion
on E. But the last relation prevents a to be suh a onnetion. Indeed, this last relation
generalizes the vertial ondition on ordinary onnetions, and onnet the value of a on
vertial vetor elds to the values of φ. For ordinary onnetions on E, φ being replaed
by iθ, the usual vertial ondition on a is reovered. The seond relation, the invariane
of φ, has a natural geometri interpretation. By its very denition, φ an be viewed as a
map E → Mn⊗sl
∗
n. Using standard results in dierential geometry, the invariane relation
on φ permits one to interpret φ as the setion of a vetor bundle over M , assoiated to E,
whose ber isMn⊗sl
∗
n. In this identiation, the Lie derivative Ladξ onMn⊗sl
∗
n is nothing
but the innitesimal ation of the Lie group H on Mn ⊗ sl
∗
n involved in the onstrution
of this assoiated vetor bundle. We will use suh an identiation in similar ases several
times in the following.
Let us now onsider the following situation, whih will be the starting point for the next
setion and whih generalizes to the nonommutative onnetions what has been presented
in setion 1 on ordinary onnetions. Assume we have an ation of a ompat onneted
Lie group G on the prinipal ber bundle E whih ommutes with the natural right ation
of the Lie group H = SU(n) on E. Then for any Y ∈ G, the Lie algebra of G, one an
assoiate a vetor eld Y E on E. This vetor eld indues a Cartan operation of G on
Ω(E). This operation extends naturally to an operation on ΩDer(B) = Ω(E) ⊗ ΩDer(Mn)
where G ats only on the E part. Beause the ations of G and H ommute, the operation
of G respets the basi subalgebra A of B, and restrits to an operation on ΩDer(A). Then
the original ation of G on E gives rise to a (nonommutative) ation of G on A. This
ation is the one we will use to haraterize G-invariant nonommutative onnetion on A.
2.6 Loal point of view
In this setion, we want to study more preisely the relation between the algebras A and
B from the loal point of view.
Let us rst haraterize loal objets in A. Suh a disussion was preformed in [12, 13℄
and we reall essential points here. Over an open subset U over whih the ber bundle
End(E) is trivialized, the algebra A is isomorphi to Aloc := C
∞(U) ⊗Mn, and one an
assoiate to any element a ∈ A an element aloc ∈ Aloc. Over an intersetion U ∩ U ′ 6= ∅
of two suh open sets U and U ′, one has a transition funtion g : U ∩ U ′ → SU(n) whih
relates a′loc to aloc in the following way
a′loc = Adg−1aloc
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One an also assoiate to any derivationX ∈ Der(A) a loal derivationXloc ∈ Der(C∞(U)⊗
Mn). Suh a derivation an be deomposed into two parts Xloc = X|U + adγloc , where
X = ρ(X ) (see equation (8)), and X|U is its restrition to the open subset U . It is possible
to give an expliit expression for γloc if one onsider a onnetion on End(E), to whih one
an assoiate the nonommutative 1-form α and the loal 1-form Aloc ∈ Ω1(U)⊗H. Then
one has
γloc = Aloc(X|U)− α(X )loc
Over an intersetion U ∩ U ′ 6= ∅, X ′loc and Xloc are related in the following way
X ′|U = X|U
γ′loc = Adg−1γloc + g
−1X|U(g)
Finally, let us onsider loal 1-forms, and assoiate to an element ω ∈ Ω1Der(A) over
U , an element ωloc ∈ Ω1Der(C
∞(U) ⊗Mn). Suh an element an be deomposed into two
parts: ωloc = a+ φ ◦ iθ where a ∈ Ω1(U)⊗Mn, and φ ∈ C∞(U)⊗Mn ⊗ sl
∗
n. Then over an
intersetion U ∩ U ′ 6= ∅, ωloc and ω′loc are related in the following way:
a′ = Adg−1 ◦ a− Adg−1 ◦ φ ◦ Adg ◦ g
∗θH
φ′ = Adg−1 ◦ φ ◦Adg
(18)
where θH is the usual Cartan form on the group H , and g∗θH = g−1dg. One an remark
that this transition relations look like the one enountered in usual ommutative gauge
theories, but in the present ase these relations are twisted by the salar eld φ. It was
shown in [13℄ that if one hoose a referene onnetion, then one an express loal forms
in term of tensors whih transform in a muh more manageable way.
Let us now make some remarks about the relations between these loal objets and
the loal ones assoiated to the algebra B = C∞(E) ⊗Mn. First, let us onsider a loal
setion s : U → E. One an assoiate to it a trivial extension of the pullbak appliation
s∗ : B→ C∞(U)⊗Mn. Then by denition, the image of BH−basic|U by the appliation s∗
is the algebra Aloc obtained from the loalization of A over U .
For derivations, it was shown previously that with the help of an ordinary onnetion,
one an assoiate to any element X ∈ Der(A) an element XE ∈ N (A) ⊂ Der(B), where
expliitely XE = ρ(X )h − adα(X )E . In a similar way, using the inlusion ΩDer(A) →֒
ΩDer(B), one an assoiate to any element ω ∈ ΩDer(A) an element5 ̟ ∈ ΩDer(B)H−basic.
Then one an ompare the expressions ̟(XE) and ω(X ). Over an open subset U ⊂ M
over whih the prinipal ber bundle E is trivialized, using the loal expression of the
onnetion, one has
XE|s(x) = s∗X|x − Aloc(X)|x − adα(X )E
|s(x)
where x ∈ U . From the basiity of the 1-form ̟, one an then show that ωloc(Xloc) =
s∗(̟|U(XE|U)) = s
∗̟|U(Xloc), so that s∗̟|U = ωloc. This result generalizes the previ-
ous result about elements of the algebras, and one has s∗ΩDer(B)H−basic|U = ΩDer(Aloc).
5
In opposition to the rest of this paper, we use here expliit dierent notations ω and ̟.
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This relation shows that one an obtain the loal expression ωloc either from the 1-form
ω ∈ Ω1Der(A), or from the 1-form ̟ ∈ Ω
1
Der(B)H−basic. Finally, notie that the transition
relations (18) ould have been obtained by onsidering the 1-form ̟ over the intersetion
U ∩ U ′ 6= ∅ of two open sets, with the transition relation s′ = s · g between loal setions
s : U → E and s′ : U ′ → E.
3 Invariant nonommutative onnetions
Here, we haraterize the degrees of freedom of invariant nonommutative onnetions in
the setting exposed in the previous setion. The results obtained are generalizations of
the results summarized in setion 1 for ordinary invariant onnetions. In partiular, the
onstrutions presented in setion 1 are expliitely used in the present ase. Indeed, it
is possible to make referene to the struture of diagram (1) thanks to the trik exposed
at the end of the previous setion, whih onsists to look at A as the basi subalgebra of
B = C∞(E) ⊗Mn for a well hosen Cartan operation of H = su(n) ⊂ Mn. The starting
ingredients of this setion are the following. A G-invariant nonommutative onnetion
ω ∈ (Ω1Der(A))G−inv is written as a basi element
ω = a− φ ∈ [Ω1(E)⊗Mn]⊕ [C
∞ ⊗Mn ⊗ Der(Mn)
∗]
Then the objets a and φ satisfy the 3 relations
Lξ(a− φ) = 0 (19)
iξ(a− φ) = 0 (20)
LX(a− φ) = 0 (21)
for any ξ ∈ H = su(n) and any X ∈ G. Reall that the ordinary onnetions are those for
whih φ = iθ, whih is a straightforward way to reover all the results of setion 1 from
the results presented here.
3.1 Global approah
This approah is similar to the one performed in setion 1, and it uses essentially the
same tehnis. With the help of the G-invariane onditions (21), we an restrit the
dependene of a and φ to Q ⊂ E. Then a is ompletely determined from its values on
TqE for all q ∈ Q. The appliation aq : TqE → Mn an be deomposed into several parts.
Let us all µ ∈ Ω1(Q) ⊗Mn the restrition of the 1-form a to the tangent spae TQ. By
relation (20), one has µq(ξ
E
q ) = φq(ξ) for any ξ ∈ Z0. This 1-form satises the equivariane
property
L(X,ξ)µ = (LX + Lξ)µ = 0 ∀(X, ξ) ∈ NS0 ⊂ G ×H .
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(there, we use notations of setion 1.2. Reall also that Lξ ontains a geometri and an
algebrai part)
Then, using S0-invariane on Q, it is easy to show that µ takes its value in the vetor spae
W0 := Z(λ∗G0,Mn) ,
the entralizer of λ∗G0 in Mn. As a trivial onsequene, ηq := φq|Z0 has also its values in
W0.
A simple analysis shows that W0 is an assoiative subalgebra of Mn on whih the Lie
algebra Z0 ats by the adjoint ation. It is natural and useful for the following to assoiate
to it the dierential alulus ΩZ0(W0) =W0 ⊗
∧
Z∗0 whih mimis the dierential alulus
ΩDer(Mn) = Mn ⊗
∧
sl∗n. On ΩZ0(W0), the dierential is dened as in formula (5), where
now the Lie algebra Z0 plays the role of the derivations on the algebra W0. An other
important useful feature of W0 is that there is a natural appliation
NS0 → Der (C
∞(Q)⊗W0)
(X, ξ) 7→ XQ + ξQ + adξ
Notie that S0 is sent to zero in this appliation. This implies that this appliation fatorizes
through an appliationNS0/S0 → Der (C
∞(Q)⊗W0), whih permits us to dene a Cartan
operation of NS0/S0 on Ω(Q)⊗ ΩZ0(W0), whose Lie derivation is denoted by
L(X,ξ) = LXQ+ξQ + Ladξ ∀(X, ξ) ∈ NS0/S0 = K ⊕ Z0
In partiular, this operation indues an operation on the Lie algebra Z0, denoted by Lξ,
for any ξ ∈ Z0.
The dierene µ − η is naturally an element of degree 1 in Ω(Q) ⊗ ΩZ0(W0). Using
relations (19), (20) and (21), it is easy to verify that
iξ(µ− η) = 0 ∀ξ ∈ Z0
L(X,ξ)(µ− η) = 0 ∀(X, ξ) ∈ NS0
This implies that µ− η ∈ (Ω(Q)⊗ ΩZ0(W0))
1
Z0−basic
.
Now, let us introdue α ∈ C∞(Q)⊗W0 ⊗
∧
K∗, dened by
α(X) = µ(XQ) ∀X ∈ K
One an show that α ∈ W0 ⊗ (C
∞(Q)⊗
∧
K∗)K−inv, where the K-invariane is dened by
the indued Lie derivative of the operation of NS0 on the C
∞(Q) part and by the standard
Lie derivative on the
∧
K∗ part (the dierential and the Lie derivative on
∧
K∗ are naturally
indued by the Lie algebra struture of K).
Let us now introdue the bigger dierential alulus
ΩZ0+K(M/G,W0) := (Ω(Q)⊗ ΩZ0(W0)⊗
∧
K∗)(Z0+K)−basic
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equipped with the natural dierential whih is the sum of the dierentials on eah ompo-
nents. Latter, we will make some omments about this dierential algebra, in partiular
we will explain why M/G makes its appearane in the notation.
The main result of the previous disussion is that we an show that µ − η − α ∈
Ω1Z0+K(M/G,W0). This relation permits one to haraterize in a ommon algebrai 1-form
the restritions of a and φ to TQ.
Let us now look at the other parts of the spae TqE, that is L
Q
|q and M
Q
|q. Using
similar arguments as in 1.2, the restrition ψ := a|LQ denes a setion of the vetor bundle
assoiated to Q(M/G,N(S0)/S0) whose ber is the vetor spae
FL := (Mn ⊗ L
∗)S0−inv = {ℓ : L → Mn/L
L
(X,λ∗X)ℓ = 0 ∀X ∈ G0}
where (LL(X,ξ)ℓ)(Y ) = −ℓ([X, Y ]) + [ξ, ℓ(Y )] for any (X, ξ) ∈ N(S0). This relation is the
natural ation of NS0 on the spae Mn ⊗ L
∗
. For this ation, FL ⊂ Mn ⊗ L
∗
is invariant.
The fat that ψ ∈ C∞(Q)⊗FL is a setion of a vetor bundle omes from the equivariane
property
L(X,ξ)ψ = (LXE+ξE + L
L
(X,ξ))ψ = 0 ∀(X, ξ) ∈ NS0
Therefore, one has ψ ∈ (C∞(Q)⊗ FL)(Z0+K)−inv.
In the same way, the restrition ζ := a|MQ = φ|M, onsidered as an element in C
∞(Q)⊗
Mn ⊗M∗, is a setion of the vetor bundle assoiated to Q(M/G,N(S0)/S0) whose ber
is the vetor spae
FM := (Mn ⊗M
∗)S0−inv = {m :M→Mn/L
M
(X,λ∗X)m = 0 ∀X ∈ G0}
where (LM(X,ξ)m)(Y ) = −m([X, Y ])+[ξ,m(Y )] for any (X, ξ) ∈ N(S0). As before, ζ satises
the equivariane property
L(X,ξ)ζ = (LXE+ξE + L
M
(X,ξ))ζ = 0 ∀(X, ξ) ∈ NS0
and so ζ ∈ (C∞(Q)⊗ FM)(Z0+K)−inv
Now, notiing that
(Mn ⊗L
∗)S0−inv ⊕ (Mn ⊗M
∗)S0−inv = (Mn ⊗ (L
∗ ⊕M∗)S0−inv =: F
ζ+ψ an be onsidered as a setion of the assoiated vetor bundle to Q(M/G,N(S0)/S0)
where the ber is the bigger vetor spae F . Colleting all the previous degrees of freedom,
we have proven that
(Ω1Der(A))G−inv ≃ Ω
1
Z0+K
(M/G,W0)⊕ P
where
P = (C∞(Q)⊗ F)(Z0+K)−inv
23
Denote by C the algebra (C∞(Q)⊗W0)(Z0+K)−inv. Then ΩZ0+K(M/G,W0) is a dierential
alulus assoiated to C in the sense that Ω0Z0+K(M/G,W0) = C. This algebra an be
interpreted as the setions of a ber bundle assoiated to Q(M/G,N(S0)/S0) whose bers
are modeled over the algebra W0. The algebra C an be onsidered as a redution
of the algebra A. As a matter of fat, it is easy to verify that the elements in SU(C)
dene nonommutative gauge transformations on the spae of G-invariant onnetions onA.
Equipped with the dierential alulus ΩZ0+K(M/G,W0) and the module P, this algebra is
the natural building blok, in a nonommutative viewpoint, for the G-invariant onnetions
on A.
As a last remark, notie that all the objets introdued here are naturally related to
ber bundles over the redued spae M/G, as it was also the ase for ordinary G-invariant
onnetions. As a matter of fat, the situation is rather similar to the lassial one, but
here, there are new salar elds oming from nonommutative geometry in addition to
those oming from dimensionnal redution. We an also notie that in the nonommutative
framework, we do not need a referene onnetion to obtain objets whih live overM/G.
3.2 Loal approah
As in the lassial ase, we will study invariant onnetions in the ase where M =
M/G × G/G0. We will use the notations introdued in setion 1.3. The idea devel-
oped in setion 1.3 is to pull bak an invariant onnetion on E˜ to a bigger spae Q′ ×H .
There, an invariant onnetion an be written in a very ompat and elegant generi form
using in partiular the Cartan 1-forms on the groups G and H . Here we generalize this
onstrution. In order to do that, we need to nd the good spae on whih pulling bak
the invariant nonommutative onnetion. Beause we work in a nonommutative frame-
work, we have to deal with algebras instead of spaes. The following diagram summarizes
the relations between the spaes and algebras we onsider
Q′ ×H
Ψ

?
WVUTPQRS   // Ω(Q′ ×H)⊗ ΩDer(Mn)
E˜ ///o/o/o/o/o ΩDer(A)
  basi
for H
// Ω(E˜)⊗ ΩDer(Mn)
Ψ∗
OO
The algebra we are looking at must replae the algebra A, in the same way the spae
Q′ ×H replaes the spae E˜. It is natural to look at this algebra as a basi subalgebra of
C∞(Q′×H)⊗Mn for the Cartan operation of H. Then the pull bak Ψ
∗ω of a G-invariant
onnetion 1-form ω ∈ ΩDer(A) ⊂ Ω(E˜) ⊗ ΩDer(Mn) belongs to Ω(Q′ × H) ⊗ ΩDer(Mn).
Thanks to the fats that Z0 and G0 do not at on the Mn part of these algebras, that Ψ
∗
preserves the G-invariane and the H-basiity, one has
Ψ∗ω ∈
[
Ω(Q˜)⊗ Ω(G)⊗ Ω(H)⊗ ΩDer(Mn)
]
G−inv
H−basic
(Z0×G0)−basic
.
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The advantage to work at the level of the spae Ω(Q˜) ⊗ Ω(G) ⊗ Ω(H)⊗ ΩDer(Mn), is
that, there, we an deompose in an easy way the ations of the group G, G0, Z0 and H .
These ations are shown in the following suggestive diagram
Z0
R∗z0
ss
L∗
z
−1
0
++
H
R∗
h
yy
Adh⊗Ad
∗
h−1
''
Ω(Q˜) ⊗ Ω(G) ⊗ Ω(H) ⊗ (Mn ⊗
∧
sl∗n)
G
L∗
g−1
99
G0
R∗g0
ff
L∗
λ(g0)
−1
88
where symbols L and R mean respetively left and right multipliation. Notie that the
ations of Z0 and G0 on Ω(H) ommute.
Then, using H-basiity and G-invariane, a straightforward omputation shows that
Ψ∗ω an be written in the generi form
Ψ∗ω|(q˜,g,h) = Adh−1
(
ω˜|q˜ + Λq˜ ◦ θ
G
|g + φq˜ ◦Adh ◦ (θ
H
|h − iθ)
)
(22)
where θG and θH are the Cartan 1-forms on the groups G and H and iθ is the algebrai
1-form introdued in setion 2. It is very natural to use the 1-form iθ in this relation in
order to make expliit the identiation (6). Notie that θH and iθ are known to look
very similar in their struture [17℄, and that they appear together in this very ompat
expression. In formula (22), on has
ω˜ ∈ Ω1(Q˜) Λ ∈ C∞(Q˜)⊗Mn ⊗ G
∗ φ ∈ C∞(Q˜)⊗Mn ⊗ sl
∗
n
and the Z0-invariane implies that
R∗z0ω˜ = Adz−10
◦ ω˜ R∗z0Λ = Adz−10 ◦ Λ R
∗
z0
φ = Adz−10
◦ φ ◦ Adz0
for any z0 ∈ Z0. Then Λ and φ an be onsidered as setions of some assoiated vetor
bundles to Q˜(M/G,Z0). On the other hand, the G0-invariane implies that
Adλ(g0)−1 ω˜ = ω˜ Adλ(g0)−1 ◦ Λ ◦ Adg0 = Λ Adλ(g0)−1 ◦ φ ◦ Adλ(g0) = φ (23)
for any g0 ∈ G0, and the (G0 × Z0)-horizontality gives us that
Λ(X0) = φ(λ∗X0) ∀X0 ∈ G0 and ω˜(Z
Q˜
0 ) = φ(Z0) ∀Z0 ∈ Z0 (24)
The ordinary G-invariant onnetions are reovered in formula (22) when φ = 1. Indeed,
in this ase one gets
Ψ∗ω|(q˜,g,h) = Adh−1
(
ω˜|q˜ + Λq˜ ◦ θ
G
|g
)
+ θH|h − iθ
whih is to be ompared to formula (4). As already explained, the extra term iθ is exatly
what is needed to imbed ordinary onnetions into the nonommutative framework.
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By means of the equivariane relation (23), Λ (resp. φ) intertwines the representation
of G0 on GC (resp. HC) with the representation of G0 on the algebra Mn ≃ VectC(1,H)
and by virtue of the Shur lemma, it an be deomposed in a diret sum of isomorphisms
between ommon irreduible bloks of GC (resp. HC) andMn ≃ VectC(1,H). Furthermore,
if one requires that the onnetion is anti-hermitian, one has to identify isomorphisms whih
orrespond to omplex onjuguate representations, or diretly look at real representations.
This loal haraterization of invariant nonommutative onnexions an be shown to
be equivalent to the global approah. In order to do that, one needs to deomposed the
degrees of freedom and rearrange them in a dierent way.
From (22), it is easy to write down loal expressions on M . A setion S : M → E˜ an
be fatorized through a loal setion s = sQ˜ × sG on the ber bundle Q
′ = Q˜ × G, and a
setion sH on the trivial ber bundle Q
′×H . The appliation S = Ψ◦sH ◦s is represented
in the following ommutative diagram
Q′ ×H
pr1 //
Ψ

Q′ = Q˜×G

sH
mm
E˜
p˜i //M = M/G×G/G0
s=s
Q˜
×sG
TT
S
ll
Then, the loal 1-form onnetion is just S∗ω = s∗ ◦ s∗H ◦ Ψ
∗ω˜ ∈ Ω(M) ⊗ ΩDer(Mn). It is
useful to write the setion S in the following way:
S :M −→ E˜
m 7−→ Ψ(sQ˜(m), sG(m), h(m))
Then, one nally obtains
S∗ω = Adh−1
(
s∗
Q˜
ω˜ + s∗
Q˜
Λ ◦ s∗Gθ
G + s∗
Q˜
φ ◦ Adh ◦ (h
∗θH − iθ)
)
(25)
One an look at passive gauge transformations whih preserve symmetries of the loal
1-form S∗ω. We have three ways to perform suh a passive gauge transformation. We an
multiply on the right sH by an element h
′ ∈ H , sQ˜ by an element z0 ∈ Z0 or sG by an
element g0 ∈ G0. Then S is modied in the following way
S 7−→ S ′ = Ψ ◦ (sQ˜ · z0, sG · g0, h · h
′)
One an report the ation on Q˜ and G to an ation on H by means of the equivariane of
the appliation Ψ, and one has
Ψ ◦ (sQ˜ · z0, sG · g0, h · h
′) = Ψ ◦ (sQ˜, sG, λ(g
−1
0 ) · z
−1
0 · h · h
′)
We will illustrate this three kind of gauge transformations in the next setion.
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4 Examples
In this setion we apply the results found in the previous setion to two examples. The rst
one is a nonommutative extension of a ase extensively studied and used in the literature
[3, 14℄, that is, the spherial symmetry for SU(2)-gauge elds (see [22℄ and referene
therein for examples of appliations). We will show that our framework generalizes in a
straightforward way the results found in the ordinary ase.
The seond example is a purely nonommutative ase. It onsists to look at some
symmetries on the matrix algebra. In this ase, no geometry is involved.
4.1 Spherial symmetry
Consider the interesting example where M = R × R3 \ {0}, the rst fator being parame-
terized by the time oordinate t and the seond fator by spaial oordinates (x, y, z) = ~r.
The symmetry group is taken to be G = SU(2) and it ats on R3 \ {0} by rotation
matries
6
. Then G0 is isomorphi to U(1), G/G0 is isomorphi to the 2-sphere S
2
and
M/G = R× R+∗. We look at a gauge theory with struture group H = SU(2), and so for
the nonommutative part, we take Mn =M2(C).
We rst treat this example in the approah developed in setion 3.1. Notie that any
prinipal SU(2)-ber bundle over M is trivial due to the fat that M = R × R+∗ × S2,
where R× R+∗ is ontratible and dim(S2) = 2. Then we will take E in the trivial form
E =M × SU(2) =M/G× S2 × SU(2)
Now, we an lift the ation of G on the base spae M to an ation on the ber bundle E
dening an ation of G on the struture group H . One an extend this ation in a trivial
way by onsidering the ation (g, h) 7→ h ∀g ∈ G, ∀h ∈ H . Then the redued theory is a
SU(2)-gauge theory over M/G whih means that nothing very interesting is happening. A
more omplex ase is to onsider the following ation
G×H −→ H
(g, h) 7−→ g · h
whih is possible here beause G = H . With this ation, one an see that the appliation λ
is an isomorphism and then one an take the redued bundle Q in suh a way that λ = 1.
Then one has Z0 = G0 = U(1)Z , where
U(1)Z := {exp (2ǫT3), ǫ ∈ R}
and {T1, T2, T3} is a basis of antihermitian generators of su(2) satisfying
[T1, T2] = T3 [T2, T3] = T1 [T3, T1] = T2
6
We onsider the spae R
3 \ {0} beause we want a simple ation
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The redued ber bundle Q is isomorphi to M/G × {N, S} × U(1), where N and S are
the north and south poles of the 2-sphere S
2
. Without lost of generality, we an restrit
the ber Q to the point N , the symmetry relations oming from this Z2 struture being
just onjugation relations over omplex numbers. In this ase, the diagram (1) beomes
U(1)Z
  //
 t
''OO
OO
O
Z2 ⋉ U(1)Z // // y
++XXXX
XXX
XXX
XXX

Z2 
w
**TTT
TT
TT
TT
TT
TT
T

SU(2) 
 //
S
2 × SU(2) // //

S
2

U(1)Z // t
''OO
OO
O
M/G× {N,S} × U(1)Z
piQ // //
 y
++XXXXX
XX

{N,S} ×M/G
 w
**TTT
TT
T

SU(2) // M/G× S2 × SU(2)
pi // //

M/G× S2

M/G
XXX
XXX
XXX
XXX
XXX
XXX
X
XXX
XXX
XXX
XXX
XXX
XXX
X M/G
TT
TT
TT
TT
TT
T
TT
TT
TT
TT
TT
T
M/G M/G
Here, we have L = M = Vect
R
(T1, T2), K = 0 and W0 = VectC(1, T3). It is then easy
to see that F ≃ LC ⊕MC. Finally a SU(2)-invariant onnetion is haraterized by two
setions ψ and ζ over M/G with values in Vect
C
(T1, T2) and a nonommutative 1-form
µ− η ∈ (Ω(M/G)⊗ Ω(W0))
1
. Here Ω1(W0) is simply W0 beause Z0 is 1-dimensional. If
only anti-hermitian onnetions are taken into aount, then one an onsider vetor spaes
over R, and ψ and ζ an be interpreted as omplex salar elds (beause L = M ≃ C).
In this ase, one has C = C∞(M/G) ⊗W0, and SU(C) = {e
χT3 = cos χ
2
1 + sin χ
2
T3, χ ∈
C∞(M/G)} ≃ U(1).
In this partiular example, the loal approah of setion 3.2 is very well adapted
beause of the struture of the base spae M . Then, we will perform the rest of its analysis
using these tehnis. The SU(2)-prinipal bundle E an be onstruted from a prinipal
U(1)-ber bundle and the onjugay lass [λ] = [1].
An invariant onnetion is given expliitely by formula (22), and for the simpliity of
the analysis, we will onsider only traeless anti-hermitian onnetions in the following
7
.
Using notations and results of setion 3.2, we are lead to study the deomposition of the
adjoint representation of SU(2) in irreduible representations of U(1)Z . The adjoint repre-
sentation of SU(2) is deomposed into the fundamental representation of U(1) on Vect
R
T3
and the 2-dimensional representation on Vect
R
(T1, T2), orresponding to the fundamental
representation of SO(2). The invariane properties (23) implies that
Λ(T1) = Λ1T1 + Λ2T2 φ(T1) = φ1T1 + φ2T2
Λ(T2) = −Λ2T1 + Λ1T2 φ(T2) = −φ2T1 + φ1T2
and using (23) and (24)
Λ(T3) = φ(T3) = ηT3
7
The trae term in a onnetion orresponds to the term 1 in the algebra Mn = VectC(1,H), and it
an be studied independantly to the traeless part.
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where η is a funtion overM/G. Now let us write the loal expression (25) of the onnetion
1-form by onsidering two dierent useful gauges. First let us introdue what we all the
singular gauge in whih we take the onstant setion
sH : Q
′ → Q′ ×H
q′ 7→ (q′, e)
We will hoose the usual spherial oordinates (ϑ, ϕ) for the loal system of oordinate on
S
2
. Then we onsider the natural loal setion
sG : S
2 → SU(2)
(ϑ, ϕ) 7→ g = eϕT3eϑT2
(we have in mind the Euler parametrisation of SU(2), where ϑ and ϕ are two of the three
Euler angles). Then a straightforward omputation gives
S∗ω = aT3 + (Λ1T1 + Λ2T2)dϑ+ (Λ1T2 − Λ2T1) sinϑdϕ + ηT3 cosϑdϕ
−
[
(φ1T1 + φ2T2)θ
1 + (φ1T2 − φ2T1)θ
2 + ηT3θ
3
]
(26)
where a = ardr + atdt ∈ Ω1(R × R+∗), and iθ = Taθa. This redued 1-form onnetion
generalizes in an obvious way the so-alled Witten's anzatz [14℄ whih is reovered by
setting φ1 = η = 1 and φ2 = 0 (i.e. φ = 1). One an note that the monopole term
(orresponding to the loal 1-form cosϑdϕ) is no more onstant and is now fatorized by
a funtion η. Singularities happening in (26) are due to the fat that we try to extend the
system of spherial oordinates globally on S
2
. This extension is not possible in this gauge
and it is why it is alled the singular gauge. However one an introdue an other gauge
in whih the extension of the loal 1-form to a global one is possible. This is the regular,
or radial gauge, dened by the following setion
S : M −→ E˜ (27)
(r, ϑ, ϕ) 7−→ Ψ(sQ˜(r), e
ϕT3eϑT2 , e−ϑT2e−ϕT3) (28)
It an be obtained from the singular gauge by a (passive) gauge transformation whih
onsist to multiply the setion sH by the element h
′ = e−ϑT2e−ϕT3 ∈ H . Then applying
formula (25) leads to the following expression
S∗ω = aTr + Λ1[Tr, dTr]− Λ2dTr
− φ1[Tr, dˆTr] + φ2dˆTr − ηTrθ
r
(29)
where
Tr = sin ϑ cosϕ T1 + sin ϑ sinϕ T2 + cosϑ T3
θr = sin ϑ cosϕ θ1 + sin ϑ sinϕ θ2 + cosϑ θ3
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and dˆ = d + d′ is the nonommutative dierential introdued in setion 2. The absene
of singularity is learly due to the fat that the spherial angles (ϑ, ϕ) do not appear
expliitly, and that everything an be expressed in term of the unique generator Tr. To
illustrate the fat that we have extended the loal 1-form to a global one, we will give
some more expliit formulas using eulidian oordinates. Let us introdue the notation
S∗ω = a+ Aai Tadx
i − φabTaθ
b
. Then formula (29) gives us
Aai =
Re(ψ − iφ)
r
P ai +
Im(ψ − iφ)
r
gabǫibcnˆ
c
φab = Re(φ) P
a
b + Im(φ) g
acǫbcdnˆ
d + η nˆanˆb
with nˆa = x
a
r
, P ab = δ
a
i − nˆ
anˆi, g
ab
the eulidian metri and ǫabc the totally antisymmetri
tensor suh that ǫ123 = 1. We have introdued the useful notations ψ = −Λ2 + iΛ1 and
φ = φ1 + iφ2.
Finally, we would like to show how the two other passive gauge transformations (on sG
and sQ˜ mentioned at the end of setion 3.2) an be performed. They will orrespond to a
U(1) residual symmetry. In term of the two omplex salar elds ψ and φ, equation (29)
beomes
S∗ω = aTr + Re(ψ − iφ)dTr + Im(ψ − iφ)[Tr, dTr]
+ Re(−iφ)d′Tr + Im(−iφ)[Tr, d
′Tr]− ηTrθ
r
The U(1) passive gauge transformations orrespond to the transformations on sG and sQ˜
given by
sG ❀ sG · e
χ0T3
sQ˜ ❀ sQ˜ · e
χ1T3
where χ0(r, t) and χ1(r, t) are two arbitrary funtions of r and t. This leads to transfor-
mations on the elds ψ and a:
ψ ❀ ei(χ1+χ0)ψ
a❀ a− ηd(χ1 + χ0)
(30)
One an remark that the salar elds φ and η remain unhanged under this passive gauge
transformations. One an also note the similarity with usual abelian gauge transformations.
It is possible to onsider a true symmetri gauge transformation (in the sens of non-
ommutative geometry, see setion 2). In order to do that, one has to redene the omplex
salar eld φ to φ = 1 − φ′. Then a true symmetri gauge transformation parametrised
by an element eχT3 ∈ SU(C), where χ is a funtion over M/G = R × R+∗, leads to the
transformations
φ′ ❀ e−iχφ′
ψ ❀ e−iχψ
a❀ a + dχ
(31)
Note that these transformations are muh more similar to ordinary U(1) gauge transfor-
mations.
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4.2 A purely nonommutative example
We present in this setion a purely nonommutative ase in the sense that we onsider
a situation in whih the base spae is a point. Then one has G = G0, and λ is an
homomorphism from G to H . In this ase, the nonommutative algebra is simply the
algebra of matries Mn, equipped with the nonommutative alulus exposed in [17℄ and
summarized in setion 2. In this situation, the problem redues to haraterize G-invariant
nonommutative onnetions inMn. For simpliity, as before, we will restrit in this setion
to traeless onnetions.
The general proedure to follow is to rst study the representation λ of G in Mn, and
then determine how the representations AdH ◦ λ split into irreduible representations of
G. These irreduible representations give rise to the degrees of freedom of the invariant
nonommutative onnetions: one salar eld for eah intertwiner of equivalent irreduible
representations.
We want to illustrate this in the partiular ase G = SU(2). It is well known that
representations of SU(2) on Mn are parameterized by partitions of n [9℄. For instane, for
A = M3(C), the representations are labeled by the partitions 1+1+1, 2+1 and 3 of 3.
They are desribed in the following way:
• The 1+1+1 representation orresponds to the sum of 3 opies of the trivial rep-
resentation. The representation AdH ◦ λ is deomposed in a sum of 8 opies of the
trivial representation of SU(2). This gives rise to 64 salar elds. This ase is not
interesting beause the group SU(2) does not at on M3(C).
• the 2+1 representation orresponds to a reduible representation of SU(2) whih
is the sum of the fundamental representation and the trivial one. The representation
AdH ◦ λ is deomposed into irreduible representations of SU(2) of dimensions 3, 2,
2 and 1 (6 salar elds).
• the 3 representation orresponds to the irreduible representation of dimension 3 of
SU(2). In this ase, the representation AdH ◦ λ an be deomposed into irreduible
representations of SU(2) of dimensions 3 and 5 (2 salar elds).
We will not perform the analysis any further beause our goal is just to haraterize the
degrees of freedom of a traeless nonommutative onnetions using the methods exposed
in this paper.
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